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ABSTRACT
57904
One of the difficulties in the application of non-
relativistic quantum mechanics to molecular systems has
been the evaluation of the integrals that arise from the use
of trial wavefunctions. The present investigation is con-
cemned with a derivation and expression for the general
two-center Coulomb integral (over Slater-type atomic orbit-
als) based on the Fourier-convolution method. All of the

Coulomb integrals through N = 4 are given in explicit form
in terms of an auxiliary function WP>9 which is a sim '{
one-dimensional integral. Y

e

I. INTRODUCTION

One of the major problems in the application of nonrelativistic quantum mechanics to molecular
systems for the past few decades has been the evaluation of the integrals that arise from the use of trial
wavefunctions. If these wavefunctions are expanded in terms of Slater-type atomic orbitals, one needs to
evaluate one- and two-electron integrals associated with orbitals on one, two, three, and four different atomic
centers. Although the one-center integrals can be evaluated rather easily, the evaluation of the two-electron,
two-center integrals that appear (as, for example, the Coulomb, exchange éﬁd hybrid integrals) i s still a
difficult task. Recently, Ruedenberg (Ref. 1) has pursued an approach by which all the many-center integrals
can be reduced to the evaluation of a few of the simpler two-center integrals, the Coulomb integrals. However,

—

even for the relatively simple two-center Coulomb integrals, a general analytical treatment has been unavail-

able until recently.

Roothaan (Ref. 2,3) made the first unified attempt in 1951 to evaluate all the two-center Coulomb

integrals that arise from the use of 1s, 2s, and 2p Slater-type atomic orbitals and gave explicit forms. Other
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specific Coulomb integrals have been given in explicit form by Lofthus (Ref. 4), Preuss (Ref. 5), and Kotani
(Ref. 6). More recently, Wahl, Cade, and Roothaan (Ref. 7) have devised a general method for the evaluation
of the Coulomb and hybrid integrals, which involves an analytical integration over the coordinates of the first
electron and then a double numerical integration over the second electron to obtain the result. Finally, an
analytical approach has been given by Ruedenberg and O-Ohata (Ref. 8), which is based on the observation
that the Coulomb integral C and the corresponding overlap integral S are related by Poisson’s equation

AC =-478. Using the analytical result for the overlap integral given by Ruedenberg, O-Ohata, and Wilson
(Ref. 9), Ruedenberg and O-Ohata solved Poisson’s equation and obtained the Coulomb integral C expressible

in terms of a set of auxiliary functions related to integrals over confluent hypergeometric functions (Ref. 10).

The present investigation is concerned with an alternative derivation and expression for the Coulomb
integral, based on the Fourier-convolution method introduced by Prosser and Blanchard (Ref. 11) for one-
electron, two-center integrals and used by the author for one-electron, two-center integrals over solid spherical
harmonics (Ref. 12) and later extended to two-electron, one- and two-center integrals (Ref. 13) and to the two-

electron integrals that arise in the evaluation of zero-field splitting (Ref. 14).
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. EVALUATION OF THE COULOMB INTEGRAL

The Coulomb integral

™ b pyi B = INLM, |N'L'M]] = /[NLM],,1 [N'L'M'],,drydr, (D)

T2

where [NLM] is the basic charge distribution, defined by Roothaan (Ref. 2) as

%

2L +1 oL pN*2

[(NLM] = ( ” > P 1 exp (~pr) St u (6,¢) (2)
417 (N+L + D! '

%
Sp.06, ® = <2L+1> P, (cos 6)
4

%
oL+1  (@-luhr | 1 cos ||
Spaly (00 - |2l (oD (3)

2 L+ |Mm sin |M]|¢

is equivalent, by the convolution theorem, to

T
(2m)3 /[NLM]Z'I <1> INL'M]], K- Rak 4
12

where the superscript refers to the Fourier transform, i.e.,

a7 = [ K F f(e) dr (5)
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The transform of the basic charge distribution [NLM] has been given by the author (Ref. 12) and is

|m| cos |M|v
S PRI QTR N+L+1 K\
(INeM)T = 4 E (-1)¢ (s +1; [—
N+ - 2s +2L + 1 p
(p? + K?) £=0
where
22L+1iL P2N+2 (L - |M|)! % 1
4 = | fea+s, p17%
N+L+1 (L + M) ’
(2D)!
2L +1
[Xx] means the largest integer in X
(s+1)L = (s+L)1/s!
a a!
= —————— is the binomial coefficient
b bl(a-0)!

K, u, v  are the spherical coordinates of K

(6)

Table 1 lists the transforms of [NLM] for N =1, 2, 3, and 4, using the standard notation (Ref. 2)

L=0,1,2,3.-called S, P, D, F---and M =0, 1, 2, 3 --- called 3, [I, A, @ -.. . For a negative value of

M, a bar is placed over the appropriate symbol (e.g., M = =2 is A). The transform of rI% is simply given by

4mK2, Integrating over the angular coordinates u and v of K, simplifying the binomial coefficients and

rearranging the resulting expression, we have
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92L+2L'+1 2N-L+2 2N'-L'+2
a

P Py

N'L'M' _ M -1
Cypy " = D5 8y yer

(uw*™-L"]

@LY!' QL") L+ (2L +1)

( l)sﬂ (N“L-2S+1)2s (N'-L'—Zt+1)2t
x (=

2. 2

(2L + 92),, (2L + 2),,

x (1) 2L + 2L" —4r + 1) CL*L =21 (Ly:L M) /
0

C+1) ¢ s
t+ '
L Z )
pf' r=0

oo g2s+2e+L+L ’]-L +L '~9, (KR) dK

N+l
(K2 + pg) (K% + p%)

N'+1

where L< is the lesser of L and L’ jp(x) are the spherical Bessel functions (Ref. 10), and c! (LM;L'M) are the

Condon-Shortley coefficients as given by Slater (Ref. 15), as

y T
- ! r_ ! '
camnm - L [(L D@L+ (L' - ML +1)] f B l(cos PLIA{I(COS )
2

(L+ MDY@+ M) .

x P; (cos u) sin u du

Finally, introducing the coefficients

iy 22L+2L +1 pa-L P;L
QL =
@L)VELN (2L +1) (2L + 1)) %
(N-—L—-25+1)2. (s +1);
SN,L (s) =

(2L +2),, Pa2s

(8)

(9)
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and

(N'—L'—2t+1)2l (¢ + 1),

Tho, o(8) =
N, L ,
L' + 2)2t pzt

and the auxiliary function

Km*2n i (KR) 4K
, ) _ =1 2 2 m
an’% (Pa’ Pb’ R) =7 pa pb P g (10)
0 (K2+P§) (K2+pb

we obtain as the result for the general Coulomb integral

-] [%w'-L ") Lo
Chii ™ Gapy B = (DY 8y, 0 O z ; z ; D™y () TN,’L'(‘)E '
r=0

§=0 t=0

(i1)

N+L,N +1

x (-7 @QL+2L'—dr+ D) CEL 2 oy w
L+L "—2r, stitr

(Pa, Py R
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lll.  DISCUSSION

The expression for the Coulomb integral Eq. (11) involves a triple summation over the indices s, ¢,
and r. The summation is over only a limited number of terms, as, for example, for N = N’ = 5, the maximum
number of terms arising is 18 (when L = L' =1). Often, the number of terms is further lowered by the use of

the recurrence relation for the spherical Bessel functions

(2n + 1)
fpm1 B 44 @) = ——— . (@) (12)

We also note from Eq. (11) that the Coulomb integral vanishes if ¥ and M’ are different, and that the integral
is independent of M, i.e., Roothaan’s Theorem II (Ref. 2).

For a given value of N = N', the number of different Coulomb integrals that arise is

1 N(N+1)(N+2) (3N2 +6N +11) . (13)
120

Table 2 gives all 83 Coul omb integrals (through N = 4) in terms of the auxiliary function W defined by Eq. (10).

The final difficulty is the one-dimensional infinite integral over K. Although this integral can be evaluated
analytically (by using the techniques used for the evaluation of auxiliary functions 4(2m; p,q) and

B(2m +1; p> ¢) of Ref. 14) , the result is rather cumbersome and, in fact, the integration can simply and

. rapidly be done numerically. Moreover, retaining the integral and evaluating it numerically allows one to
either let the charges be equal (p_ = p,) or let the distance R be zero (one-center Coulomb integral), or both,

with no additional complications if we recognize that

i, © =8, (14
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Some recurrence relations that may be useful for the W functions are

t — 2 —1! EHd
vt - o2 g - e )
» — 2 y —l s
Wi = py W09 - LE Y
and
Psq .—.R P Psq
W ,, = [Wm,'gl,r + Wm’—l,rﬂ:|
2m+1)

(15)
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[1s17

[28]T

[2p3] T

[2P) T
Piznkd

(3517

(3p3] T
(spr1] 7

[sp] 7T

[3Dz] T
(3pm1 7
[3pm] T
(3pa) T

(spAl T

(4517

(aP3] T
[4Pm1] T

(4PT) T

Table 1. Transforms of [NLM] forN =1, 2, 3, and 4

p4 (k2 + p2)—2

1 - -
3 p? [4p% (k2 + p2) 73 - (k% + pD72]

P, (cos u)
2ik pd (k2 + p2)™3 P% (cos u) cos v

P% {cos u) sin v
PG [2P2 (k2 + p2)"‘4 _ (kz + P2)"3]

P1 (cos u)
2
E ik P5 |:6172 (k2 + P2)—4 - (k2 + Pz)_?’] P% (cos u) cos v

P{ (cos u) sin v

23 P, (cos u)
2 Pé (cos u) cos v
2 -

> V3 pb [p2 (k2 +pH™% - (k% + pH 73] < 2 P; (cos u) sin v

Pg (cos u) cos 2v

Pg (cos u) sin 2v

1
= pS (16 p* (k2 + p2)™5 —12 p2 (k2 + pD) ™4 + (k2 + pD) 73]

P, (cos u)
2
= ikp? [8p2 (k2 + pH) 75 -3 (k% +pD)™4) P{ (cos u) cos v

P% (cos u) sin v

10
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Table 1 (Cont’d)

[4Dz] T 2 V3 p, (cos u)
(apr] T 2 Pl (cos u) cos v
[4p) T ) - 613 VI P8 [8p (624 pD™ ~9p2 (2 +pA™ + (k24 p2)3] (2 P (cos ) sin v
[4DA] T P (cos u) cos 2v
[4DA) T P (cos u) sin 2v
[aFs]T 6 V10 Pg (cos u)

(aF1] T 2 VI5 P} (cos u) cos v

[arm) T 2 VTI5 P} (cos u) sin v
4Fa]T ) - 2_25. VIO ik B [p? (245D - 24 D7) (VB P (cos u) cos 20

[4FA] T V6 P2 (cos u) sin 2v

[aF@] T P3 (cos u) cos 3v

[4F®] T P} (cos u) sin 3v

n
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Table 22 Coulomb integrals expressed in terms of auxiliary function v*

22
[1s,]18,] =2wa2

[

23 -2 23
(15,]25,] = 2[W00 -— p, WM]

24 -2 w24
[1s,]38,] = 2[WE3 ~ pp° W53

i 1
25 =2 p2 -4 p25
(15,148, = 2|W3 - 2p; TR W02]
- 1 1
33 -2 -2y p33 -2 -2 p33
(25,125, - 2[W33 - — G2+ pD W3+ — 07 2 W ]

- 1 1
34 -2 =2 34 -2 -2 p34
[2Sa|3 Sb] = 2_W00— (— P.° + Py ) Vo1 * 3 Pa P 4 ]

3 02
(25 |as.] o[ w3s 1 9p72) W35 2 5 1oy o 35
al®9pd = 2%00 " \ 3 Pa *t 2Py o1 *\ 3 Pa TF Po ) Po "oz

1
=2 -4 35
=32 Pa Py Wo3]
- - -2 -2 p4
[35,185,] = 20038 — (0.2 + D Wot + p,% p,2 Wo3)

1 1
45 _ (-2 -2y 45 -2 -2\ -2 pas ~2 =4 45
[35,145,] =2[W00‘(Pa +2p) Woi + (2Pa +_5‘Pb) Po" Moz == Pa Pp Wos]

1 1
55 -2 =2y 55 -4 -2 -2 - 55
(45,1450 = 2[WEs 2672 + 2 WSS + (ot + 4077} +?pb) wss

1
2 o —o - -4 ’4W55]
- = W2+ ;" Py o3 * 5 Pa Fo Tos

*
In the above table, W‘;"’% (p,» Pps R) is abbreviated to ngz

12
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[15,]2P%,] =

[1s,|3P3,] =

(15 |4 P5,] =

[25, ]2 P3,] =

[25,]3 P3,] =

[2s |4 P5,] -

[3s,]2P5,) =

(35,13 P3,] -

(45,2 P5,] =

[45,]3 P3,] -

(45,|4 P3,] =

-1 p23
4p," W1y

=1

24
4py [Wlo

-1

spy! [78
4pp! (w38
4 pb_l
4 p;

493! w13
ap;! [

ap;t [733

sp;! [

3 1
- - - -2 -2
4p,! [W?g‘ (2Pa2 Sy sz) w3t + = (p,° +6 pp°) p,

43
[WIO

25
[WIO -

_.? pa

(_

35
(735 -

Table 2 (Cont'd)

1
-2 p24
5 Pb Wu]

2

~2 25
il v ]
5 Py ¥11

1

(+

-2 p33
Wu]

1

-2 -2 34
14

5 Pb ) 11

P, 22

1

15

g Pa 75 Pa’

1 3

-2 -2 35
+ 5 Py ) LA+

-2
Pe

1
3 T Pa

-2 w43
= Pq Wll]

1
-2 p53
2pa W11+?pa

(2022

(2

3 3
-2 -2 45
(v + 5 w?) Wi+ 5

1

1
-2 ~2) pas -2 =2 44
T 5 P ) Vi1 + 5 Pa Po W12]

-2

= P;2 Py

45
le]
-4 p53
le]

1 1
- -2 -2

13

34
le]

-2 35
Pb le]

-2 W54

a

g -

— = =4 =2 54
12 25Pa Py "1i3

-4 =2 55
o5 Pa Pp W13]

]
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(15, |3 D3]

(15,4 D3]

(25,13 D=, ]

(25 |4 D3,]

[35,]3 D3,]

[35,]4D%,)

(45,13 DZ,)

[4S,]4D%,]

(15,14 F3,)

(25,14 Fz,]

(35 |4 F5,]

(45, |4 F3,]

I

16
15

16
15

16
15

16
15

25
| ¥20

34
Jyzo

| ¥ 20
44
_Wzo
(@45
_Wzo

54
_W20

-2 ['wss
Py [Wzo

-3 p25

Py W3g
-3[ p3s

Py [Wao

-3 rp4s
Pp [Wso

-3 [55 -2
Ps [W30 = 2P,

Table 2 (Cont’d)

~| -

-2 25
Pp W21]

1
-2 w34
3 Pq W21]

35

W21+—

=2
7 pb) 21

1
-2 w35
—3_ P W31]

-2 w45
Po W31]

1
55 ~4 55
Wit + 5 Pa Waz]

14

p,2

-2 w35
Py” Was

2
-2
+_
7Pb)

P>

W55

22

35

Pt py

-2 w3

23
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[2P3, |2 PX,]

[2P3, |3 P3,]

[2P3, |4 P5,]

3Pz, |3 PS,]

[3P3 |4 P3,]

[4P3 |4 P5,]

[2P2 |3 D3, ]

[2 PZ |4 D3]

[3P3, |3 D5,)

Table 2 (Cont’d)

8

> polpp) [2W33 - w32

° '1[(2 wit - w3h py2 @ W34 — w3

3 Pe Py 20 -z Py 21

8 35 35 S -2 35
?p 1o, [(2W - Wy )—?pb @ w3s - w3d)

8 4 44 gasy L 2 44
< rte [(2W W - — 6 A - wED

1
L 2 2 W‘“ _ W“)]
T 95 Pa’

1
- 2 45
———pal [(21745 wa) - E(p2+3pb)(2W - w3

3 a
3 -2 =2 4 45
8 _
~ ooyt [ v - wEh - ¢ (pa + ;) @2 W3S - WD)
2 S22 W3S - W3d)
T 25 Pa’ Py
16
2 34
— 3W3g — 2 w3 H
15 Pa Py
16 1
-1 -2 35 35 35
5 Pa Pb [(3 Wio —2WiD) - — P 26V 2W12)]
16 1
-1 -2 44 84 _ _ p2 84 _ oyl
= et [ 2wt - < Pt G- 2 W)

15
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Table 2 (Cont’d)

16 1 1
_ -1 -2 45 45 -2 -2
L p2pr2 WS - 27t
+ 35 Pa Pb 32 ~ 13
(4P% |3D3,] - 16 -1 -2 (3 W34 — 2 wsh 3 -2 (3 w4 54
a T P, Pp 30 ~ 1" = 5 Pa W31 -2 le)]
(4P |4 D3,] - 10 -1, (3 W33 — 2 W39) e ”2) (3 W53 _ 2 wS3)
a b° = 15 Pa Pb 30 ~ 1~ \F Pa * 77 P 31 ~ 12

3 9 -
+ o p 2 py2 BW3S +2 W§g>]

32
-1 -3 35 35
[2P% |4 F3,] - o5 Pa Pe [4W3g -3 W3]
(3P3 |4 Fs,] = 2 -1 (4 W45 — 3 W45) L -2 (4 W45 ~ 3 wid)
a b —ﬁpa Py 40 ~ 21”31’0 41 ~ 22
[4PS |4 F3,] - 2 -1, (4 W33 _ 3 w35 32 (4 W35 — 3 W%
a b —l—(gPan 40 ~ 2V 7 % Pa 41 ~ 29
32 9 9 44 44 44
[(3D%,|3D5,] = 15 Pa Py (18730 - 10 W3] + 7 W53]
(3D |4 D3] - 32 -2 -2 (18 W45 — 10 W5 + 7 WD) L - (18 W43 — 10 W43 + 7 w4d)
a b —EPan 40 ~ 21 * 02 = & Pp 41 ~ 22 1 03
(4D= |4 D3,] - 32 -2 - (18 W33 —~ 10 W35 + 7 W3d) L (p~2,p72)(18 W35 — 10 W33 4+ 7 WD)
a b —ggPa Py 40 ~ 21 * 02’ T Pg +Pp 41° 22 t 03

72 -2 55 55 55

16
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Table 2 (Cont'd)

64
_ -2 -3 45 45 45
[3D3, |4 F5,] = siag Pa Py [S0WS - BV + 21 74]

64

4D 14 FX = —
[0, | b] 4725

- - 1
P, pp° [(50 V3o - 28 W5} + 27 WD) — — pl? (50 WE] - 28 W33 + 27 Wi'g)]

128 100 18 4
-3 -3 55 55 55 55
[4F2 |4 F3,] - W Vil v 5 Was - W03]

1575 Pa Po [ 7337 60 T 77 4l

[2PHa|2 PHb] =8 p;l p;l w33

1
-1 -1 |p34 -2 w34
[2PHa|3PHb] =8pa Py [W10~—5—Pb Wll]
[2PT1 |4 PI,] - 8p71 7 [W3s = 2 p-2 s
a b4 = ®Pg Py 10~ 5 Py "11

1 1
-1 -1 44 -2 -2y p44 -2 -2 w44

1 3
-1 -1 45 -2 -2 45 -2 -2 p45
[3PHG!4- Pﬂb] =8p, py [WIO iy (p,° + 3 py ) Wi+ %5 P, Py W12]

3 9
-1 - - - 5 -2 -2 p55
[4PTI |4 PI,] = 8p.!p;? [W§g -5 (p,2 + P D WEY + 25 Pa Py le]

-1 -2 p34
[2PTI |3 DII,] - 5 V3 o py Wy

1
-1 ~2[g3s -2 135
[2PT |4 DI,] = 3 V3 p, Py [Wzo" = Pb W21]

17
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[3PI, |3 DII,]

[3PI, |4 DIT, ]

[4PI_|3 DII,]

[4PTI |4 DIT,)

[2PI1 |4 FII, )

[3PII, |4 FII,)

[4PI_ |4 FII,)

[3pI1_|3 DI, )

(311 |4 DII,]

(4D, | 4 DI1,]

[3DI1, |4 FII,]

[4DII, |4 FII,]

Table 2 (Cont'd)

-1 - -
5 VI i g e e

3 5
16 1 1 1
-1 -2 [p4s -2 -2\ a5 2 -2 145
3 V3 P Py [Wzo - (E Pa” * =7 Pp ) Wol + 35 Pa” P W22]
16 3
-1 -2 [ ps4 -2 54
3 V3P Py [Wzo ~ 5 Pa W21]

3 1
-1 -2 55 -2 -2
3 V3 P, Py [W20 - (—5 P, + = Py ) !4

no
=

3
-2 -2 m55
+ 35 Po Py sz]

32
-1 -3 35
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Table 2 (Cont’'d)
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